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INTRODUCTION 

The Elementary School Prdpability Project ^ 

During the 1974 school year, ten school digtiricts inr New York 
State^ conducted classroom trials of probability lessons amd materials ' 
in elementaqry grades. The project w^s under tne direction of , the Bureax^ ' 
of Math€«|atfcs Education of the Hew York State Education Departmeht. 
Support was prp^vided by the National Science Foundation. A coordina*tor 
was designatedrfor^~earlT~iparticipating district. 

t^eachers jLn the project (12 or more per district) used School . 
Mathematics Study Group texts as the primary reference source. They 
aded an in-service training cqurse which met weekly. * 

Evaluation of the project led_,to the following conclusions: 
o . ^ , ' 

• 1. probability lessons cure enthusiastically received by 
^ students at all elementary levels i ^ 

2. There is a place in elementary school mathematics for 
( probability* It cah provide meeuiingful applications, 
amd enrichment within the framework of the existing 
.curriculum. ~ c 

' 3, Probability offers opportunity for independent ^ c 
explorations * 

4. Probability helps develop skills in data hemdling. 

5. Lessons in probabili-ty are most successful after 

teachers have acquired some background knowledge of c 

probability smd have been exposed to ideas smd 

activities related thereto. \ 

This publication is a response to the need expressed by teachers 
for a concise introduction' to intuitive probability concepts cuid how 
they may be presented. 

Probability Is Igg)ortauit * * 

Chance is involved ^in memy games children play — spinning a spinner 
drawing a card, or wiling a-di^ are exan^les. If these were the only 
events to concern us, one would not assign the study ^f ch2mce a high 
priority. However, life is filled with events which happen by cham.ce or 
where chance appears to be .a major factor. The daily choice of what to 
wear^ foeeting an acquaintance unexpectedly, ^a cat' accident — each is >an 
event associated with chemce. The sex\)f a newborn child, the occurrence 
of illness i choosing, a career, death — these eve|i^t& too are heavily 
involved with chemce. . < ^ .^"V 
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A knowledge "probability is becoming necessary in daily life. 
Decisi'ons in industry, business, science^, amd agriculture often- depend on 
prqbadbijj^ The theory of prc*>ability underlies all of mathematical 
statistics, a topic that is reaching into virtually every segment of human 
affaii^. Biology," physics, chemistry^, astronomy, marketing, distribution, 
and psychology are but a few of the fields wherp statistics plays an * 
important role. - 

; tj 

PrcA)ability in Elementary School , 

As i« true of algebra tod geometry, ,sc«ne of the fundamental cohr 
cepts of probability are easily comprehended at the elementary school 
level. There are several considercttiojis which, taken together, strongly 
^mply that elementary school children^ should beccane acquainted with 
introiji^tory ideas in prdbcd^ility. ' " 

|. Probability fits comfortably into the body of the' elementary 
school mathematics^ curriculum. It'bffer^ an excellent applioa t ^ gbn .-f^?^ 
fractions, a wide spectrm of material: to be graphed, good esqjeriences in 
counting and coinputing, and th^ challenge to think logically and cleeurly. 
In a short time, children |>egin to lise ^e terminology of probability 
correctly. Work in probability also develops skills which are useful in 
^ science and social studies. ^ • ^ 

^ 2^ THe materials childreh need to carry on probability^; experimepts 
are siml^ and ine^xpensive. As they experiment, children have the < 
opportroity to learn by doing. • • ' 

3. Introducing probcdDility into elementary schools induces posi.- 
ti^^ student reaction. Working in sitxiatiohs where chance is a factor is 
fun and-tends to inqprove stpderrt attitude 'toward mathematics. 

This bulletin .sets forth a number of elementcury concepts in proba- 
bility theory amd suggests ways teachers can implement these <5oncepts in 
their classrooms. Concepts are presented in related groups. For each 
such group there are recommended activities amd garnet spamning a^ wide 
range of'pupil ability. Scane are intended for children in the lower 
gradea; others are more appropriate for upper elementary levels. • It is 
^ expected that teachers will select activities or gameg on the basis of 
the needs and 'capaibilities of'thfeir students. 

It ^is not mandatory that all concepts be pr^ented. Time available 
class interest, class ability, ' topics already covered, and other factors 
, will influence the selection of concepts amd activities for any one class. 
Although it is recoma^ended that the general order of presentation follow 
the sequence outlined herein, some rearrangement can made. For exaut5>le 
teaK:hers may present Group V, Sampling, earlier in the sequence. 
I ' • 

Students at the elementary level shoyild depend primarily on experi- 
.meht and observation as they explore questions involving probability. 
They should not be expected ^merely to memorize and apply formulas. It is, 



however, important for teachers to be able to answer probability questions 
<:orrectly so students will not accept incorrect amswers. We^ want ' ^ 
children to discover concepts for themselves, but we also want to guard 
^«inst their accepting false concepts. ' . 

X , ^ • , ' 

« ^ • ; 

Activity-Based Learning • « 

One of the best ways to present .concepts is to have students 
conduct experiments^ within a gtructure defihed by the teacher. 

Initially, the teacher should make sure that each student Ijnows 
what to do and Nftat to look for. Conclusions should not be announced 
in advance. We should gu^d against the tendency of children to make 
results come out to fit pre-sta^ed conclusions. 

In sxiggestihg an activity .teachers may ^nqply describe it in 
detail. Another frequently used me^thod.is to distribute a sheet of> 
'instructions, oftexii called an "activity ^h^et," which can be gon^ over 
witK the class as a whole or read individually by each student. Each ^ * 
of the two School Mathematics Study Group publications. Probability for 
Primeury Grades and Probability for Intermediate Grades , contains many 
student /€rctivity pages. Other good sources of ideas for activities are 
the Nuffield Mathematics Project booklet. Probability and. Statistics , 
and Experiments in Probability and Statistics by Donald Buckeye. 



Onde students haye their materials and understand what to do, they 
proceed as their instructions indicate. It is essential for the teacher 
to circulate through the -classroom to euiswer questions and help anyone 
who may not be on the right track. Childrenf^ need nojt carry out each 
activity individually. Often it is preferable to set up groups of two 
or tl\ree children and assign an ^tivity t:6' each group. This helps 
children learn to work together. ^ . 



3u!ll 



How results are organized an€ recorded can have a major effect on 
the success of an activity^. Leeuming to organize data is ^ paramount 
instructional objective. Children are from time to time ask^d to cov 
arid record* outcomes. Some adveuice arganiza^on by the teacher will 
prOTiQte<orderly and accurate work. ' A simple Uut effective procedure is 
to make a stroke t^tlly^ grouping b^ 5.*s, within a block arrangement:' 

Outcomes of Flipping a Coin 



Heads 
Tails 



Such a.tcQ^le Cem be modified to accommodate thfe results of 
different experiments.^ The arrangement below (expanded to provide space 
for more trials) can"^ used wh^ each trial has €wo outcomes. 

9^ 



s 



ERIC 



Trial 


Outcomes 


• No. 


1st 2nd ' 


1 


, H T ' 


. 2 • 


' H , H 


3 


T H 



* Given adequate prelimiricury/instruction, students usually develop 
considerable skill in jpaking their own tables* It is helpful for 
teachers to conipile all the results obtained in /a given class. Where 
a trial con^sted of flipping 5 coins, <the cOTi^ilation might look like 
this*: * ^ - ' 



.TOSSING FIVE COINS 
(22 trials) 



Heads 



4 , 



Tails 



I 



5 



Nvimber 



If 



m II 



Children find it enjoyable to graph the teSults of their proba- 
bility experiments. Bar'' graphs are simple and practical. Here is 
a bar graph showing the results ot flipping a coin: 



Results of 40 flips 
of a coin 




Heads Tails 



A bar graph is equally^ effective for displaying the results of 
experiments in %^ich there are more than two outccxnes; Line graphs are 
iiseful for more coo^licated situatiori^-^uch as *the relation between time 
of day euid ten5>eratur^'.2 / • 





■ 


TEMPERATURES, DECEMBER 20th 




5^ 


^ » • ' t • V 

A 


Degrees 


0 ' 




Celsius 


• -5 






-10 


1 . i ! 1 M^^k^ 1 pJ , 






^ 8 10 12 ^ 4 6 






TIME 



AfVer students have obtained a set of 'outcomes from an experiment, 
the most important phase of the process begins — thinking al^ut and 
discussing the result^^ Each chiWs perceptions em'd understanding are 
, enlarged by seeing how his results compare with those .if other children 
^ in the class. Students* questions, emswers, emd coiranent^ often add 
greatly to^overall class understaitding emd provide clues to misunder- 
sicuidings or* wrong imfTri^ssions children may have. 



For further infoirmation, see Improving Reading-Study Skills , in^ 
" Matheinatlcs K-6 , JJew York State Education Department, pages 20-22. 
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CONCEPT GROUP 1 — ^Basic Understcmdings , ^ 

• , . ' ) ' ^ , . ^ . 

Cftxjective: To haVe children beccMne fsmi^liar with the"^ results of e^qperi- 
ihents where there/are several eqj^ally likely outcomes. We are concerned 
onlx^with instances where chance alone is aL woflT. Any die used is 
presumed, to be a fkit^ie — there is equal likelihood of each face' coming 
lyp, CQins are fair coins anS. are' fairly thrown. Spinners have eqjaal 
divisions and are spun so chance alone -determines the outcdme., ' 



1. 1 Concepts 



1. 11 Terminology: As they use devices whose outcomes *re Equally likely,, 

children should become fainiliar with and understafid the meaning of: 

Likely - More likely Certain Possible 

Unlikely liss likely qncertain. ' In^KDssible 



.1£12 Conmon MisunderstaridlliPP* Nothing but charlce affdcts the Results of 
any one trial. Surprisingly, many children — particularly younger children 
—do not have this under stemding emd do not readily accept it. Scane 
apparently believe that one color, nvanber, or outcome is inherently more 
likely to oc^^j^. ^ Other children believe that an effort of will, can- 
st givei:^ outcoi^ appear . - Even more deep-seated among children — and som^l 
.adults — is the impression that after a string of several appeararices'p4\ 
one outcome — say eight successive heads — the cheuice of a different Qcrc-v 
COTie on the next trial is substantially greater. <:iearing up misund^'-' 
standings such as thej^e is an in^jortant part Of the study of probability^ 

i. 13 Outc^nes of Multiple Trials. As tRe number oSytrials in a two- 
outcome experiment increases, it becomes more and more likel^r that there 
will be the same nxamber or nearly the seane number of occurrences of each 
.outcome. In 100 flips of a coin,* a person might get 46 heads and 
54 tails. If he makes "more trials, he can expect that the number of 
heads .will approach half the total number of trials and that the same 
will be true of the number of taii^. This concept is ript well recognized, 
perhaps because children do not often carry out experiments with an 
increasingly large nuniber of trials* The effect of a large nttober of 
trials cam, be achieved by combining. the results of all the trials made 
in a given class euid by combining res s from Several classes. « . 

1. 14 Range of Results. The result of a series of trials can be any one 
of the possible outcomes. For example, if 4 coins are flipped, the result 
can be four hea(^ oj^four tails or any combination of heads and tails 
totaling four./ 



1.2 Activities ^ * . 

1.21 E3<plaining the meaning of "more likely" and "less likely" is 
facilitated by setting up an ea^riment whose outcomes are not equally 
likely.' Distribute blocks between two bags or containers so there is 
&*nuch higher proportion of one color i;i one bag than in *the other — fbr* 
example, 6 red, 4 blue in the* first and 2 red, 8 blue in the second. 
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ShpH the fcXass^what is in each bag. ' Ask which bag* tbey w{)uld / 
cteose to 4iaw from if they "wanted a red block. If anyone ^doubts that 
a red fclock ^yill be drawn more often from the first bag than frhm the 
second, have a numbei* of drawings bade (replacing the block di?awn eaSh • 
Hme")^and record the results. Point out that the vay the blocks are 
distributed, a perrson is "more likely" to. draw a 'red block from the * " 
fiRst bag' thg^ from the second^ Similarly, one is "less likely" to 

^draw^a red bipdjc from tHey second hkg than from the first. ' Reinforce ^ 

.understanding by ^asking: , * ^ '\ 

/ - c^® ^® likely to ^ have snow in September 

t • than in January? . ' ..r 

" *' 

^ , Is- It likely that 'the next person to enter' 

ou? classroom will be a television star? 

oA different situajtion is involved when we ask if it is likely that 
th^ sun will &^t this evening^ Since we know of no^ instance when th§ 6un 
did not 9et, the setting of the sun oh any one day is not only ^'li^ely", 
but "certain," or as certain as anything in this world can be. Give the 
class W opportunity to think of .events that are certain to happen and 
som^ that are ^<;ertain not to happen* 

'^^ ^ . y ' ' 

^ Suppose we ask if it is likely to rain in Moscow today. We do not 
know.'^ It'is "possible;" but we are "uncertain. " It is not "impossible." 
If S^e could, get information or records , then we ^ould say whether, rain 
in- Moscow at any given time^ of year is' Mikely" or "unlikely. " 

1*22 Have the class make a specified number of trials- using a device 
with two outcomes, each equally likely. Possible activities are: ^ 

^ Flip a coin and count heads and tails. ^ ' . • 

♦ 

Flip* a checker and count the number of 
.times each side appears face up. 

Spibr a half-red, half-blue spinner and 
' count* reds and blues. •/ 
* - . - ^ 

Roll a die fend count even^ faces. (2, 4, 
br 6) yand ©dd faces (1, 3, or 5). , ^ , 

Draw a block from a bag containing one 
• • red blocdc and one blue block, counting 
reds and blues drawn. *- ^ 

^*^rhe optimum number of trials varies with grade level. First 
graders may find 5 'trials appropriate;, sixth graders can make 100 
trials, 'Have students guess in advance* what each outcome will be, * 
recordf the <fuess, and then determine amd record the actual result:* 





Actual 








• 


T 


T 


H 


H ' 


, H 


* % 



A pimple game consists of^scojring a point for the student when he 
guesses correctly emd-^ point for "teacher" when he does not. • 

, • , • ? • . ^ • 

Questions to ask during and after the activity curet 



Vfliat outcpme do you think will appeeu: next? 
' Do you 'always gues^ right*? 

Cam your^be sure in acjvcmce what the outcome of 
^^^ny one trial<^ll .be? * 

Would yc»a be likely to get Ifhe same nvpber of 
heads if you^made the same number of trials^ 
. again? . ^ * • 

/ V Suppose you got^ the same outccane 4 times xn a row, 
say 4 heads, would you 6e more likely to get the^, 
opposite outcome (tails) on the next tridl? 



r 



♦^f you haVe compiled the results found l^y all class members or 
groups, additional questions are: ' ^' \ 

What outcome happened the largest number -^of times? 

• -J ^ 

What outcome h'feippened^the fewest^ number Of ^times? 



Were there possible outcomes whim did not occur 
' fOt> anyone in the class? 



we kept on long Enough,, woi^ld we likely to 
get all possible outcomes? 

It Ls possible, of course, that the overall results of the ^ class . 
experimen^wi]^ in themselves be unlikely. The result "5 heads-, one tail" 
may occur on^six throws of a CQinr'^ often or more often than the result 

l/eads, 3 tails." Such a^j' oc^mrrfence jprovides an excellent oppoijtunity 
to build children's understanding/that- uhlikely events do happen. 
Discupsioti should bring ojxt^Jzl^ajBr^over^ a Igirge number of trials we expfect 
ar '"roore ]||jcely" 'event to happ^ more often than a "less likely" event? 
neverthedeSs, the reverse c^ happen. It is nojb too surprising then tha't 
';in a class experiment where/ the number of trials is relatively small, 
an* unlikely event •occurs'. ^^\ifli^re possible in such a case, continue making 



more and more trials. As the number of . trials «icreases, the number of 
occurrences of each event tends to appfoaph tl^g- eSjgected value. ^ r- 

1.^3 After a. class has had experience with a two-qutcome device, have 
them make a number of tria3.s with a device having three or mbre equally 
likely outcortes. . 

' .. " ^ - • 

Spin a spinner having one-third ted, one-third \ 
blue, amd one-third yelloW. Coun^ the number j 
of times ;the" pointer stops on *each color*. » 

Spin a spinner yith si3f equal sections, numbered , ' 
1 through 6. (Zoynt how many of ^ach niimber occur. 

* . -• 

Roll a tetrahedron having each off its* four faces 
a different color. Keep'a ^eCord^ of the color ^ 
of the face on which ,the tetrahedron comes to rest. 



Draw a block frcp a bag . containing three blocks, 
each a different^ color. Replace each block after 
recording the dolor drawn, ^' ^ < • . ' ^ 

Follow-iip questions ^shouldybe-sirtilar tp thosi^ suggested foa^ two- 
way devices. €t is important t:6* accimulate results .found by xiifferent 
individuals or gr^igs euid to discuss the characteristics of the - 
oQinposite f es^olta^^ \ ^ ' 

Have, class mendDers make a bar, grapH of the results: of theil:. own • 
or their group's experiments.^ All grapKs need not i)e arranged ^ioiilar'ly. 
6ars can go from left to right as well is up aind jdown. The scale ufed 
to determine the- length of 'the bars cem Vcu^y from one ^raph to Another. 
Class members; should practice saying what their own graph cind those of 
others in the clasa indicate. 



1.3 ^Game^ 



/ 



1.31 - I'M OK, -YOU'RE OK. Two players alternate turns with a-spinner', 
checker, coin, or, other two-outcome device. ^The first player. A, selects 
onfe of the outcomes, say red; the second p]/ayer, B, tadce's the other out- 
come, say blue. The game starts with both players' markers on the START, 
space in the middle of the diagram shown below. On his turn, if a 
pj.ayer's ,outcome appears, he rooVeS* his marker one space toward his Win 
Square; .If it does not appear, his ma^er remains where it is. A does 
nc^t movOi when it i« B's tum,-6md vice versa. The game ends when one of 
the players reaches his Win Square. 



.RED 



BLUE 



RED ^ 
WINS 






« 


START 








BLUE 
WINS 



1,32 HORSERACE. A game fai 6 playejre, each of whom selects one of tl>e 
numbers froa 1 througji 6,yand puts a marker on the corresponding START , 
position. .The |)layers tafke tujcns rolling a die.- The player whose nximber 
conies yjp inoves his markM (horse) one space forward on the diagram below. 
The winner is the firi^ player to reach the WIN space. 



' • 1 






h 






1 Wins 


S 2 













2 Wins 


T 

3 












B^Wins 


A 

R * 








K 


S 


4 Wins 


T 5 












5 Wins 


6 












6 Wins 



1,33 PigsCMERls ESCAPE. For 2 to 4 players. Each player starts with 
his marker at START an the diagram shown below. Each player in turn 
rolls a die. If he r611s a'l« .he moves Up; if he rolls a 2, he moves 
one space to the Right; if the roll is a 3, the move is one space Down; 
if a 4> one ^ace Left, ^f thp roll is a 5 or a 6, the player does not 
move. Ttie first player to reach a square that touches a wall wins. 



10 



15 




WALL 



Variation: Roll a tetreOiedron instead of a die. Mark the faces of the 
tetrahedron Up, Right, Left, and Down. ,Move according to which fac^ of 
^the l^rahedron is on the bottom after each roll* Also, North, Easi,, 
*SQUth, and West: can be substituted for Up, .Right, Down, and Left. '\ 



^Teacher questions: 



Does one player have a better chance of winning^ 
than another? . " 

Is it likely for one player to win three times 
in a row? What is the average number of rolld 
for a game of HORSERACE? / 
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COtgCEPT GROlfe 2'*-The Probability of Simple Events * 

\ ' / s 

* / . f * 

Objective/ To hAve" childrdh learn how to determine the probability that 
a given ^vent will occur, both by ^comparing the number of ways that are 
instances of 'the event with the total number of possible outcomes and 
by^doiM experimental^ ' ^ ^ / • 

" ' / . * 

2,1 ' Conceplgji ^ ^ * - . ' ' * ' 

2>ljr Basic Statements about Probability. If am e'^ent cannot happeh or 
never happens, the prpbability of the event is 0. 



i3 1. 



1% an event is certain to hapj^en, the probability of the event 



^ In ali other cases* ^e probability of an event is a number between 
O amd 1. ^ • - 



A short way of writing "the probatttftity of an event" is "P(An 
event)."' For e3CcUi4>le, P (Heads) ^means t^; probability that heads will 
appear. * ^ • \\ ^ 

. 2. 12 Probability byJZomparing Outcomes. In a situation where eafch out- 
come is equally likely to occur, the probability o£ a given event is the 
fraction: ' . 



Ptan event) = 



^he number pf outcomes that are instances 
of the event we are interested \xi 

the total number of possible 
Qutcomes of the expeifiment 



An outcCTve that is am instance of the event we aure interested in is 
cotoonly called a "favorable" outcome, hence the probability of am event 
can also be written as the fraction: . 



y P(an event) 



the number of favorable outcomes 



the tcTtal number of possi 



ibl^ 



outcomes 



2. 13 Probability by Cp'unting Experimental Trials. Another way to deter- 
mine the probability of one of the events or outcOTies of am experimen^t 
is to make a large nximber of trials of the experiment under like condi- 
tions. The probability of a given eventf then is the fraction: - 



\ 



I. 



1 0 / . 

ISie results of experiments or observations are called fvents or 
QUtcoroes. Events may be single or multiple. If a dip is tossed, 
6 single eyents are possible — 1, 2, 3, 4, 5, or The event, "the die 
sKows an odd number" is multiple. It happens if amy one of three single 
events (1, 3, or 5)^occurs. 
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P<an event) 



the number of tiroes the event occurs^ 

I J V 

the total number of triali^ made 



This method of arriving, at the probability of an e^vent requires 
that we c5oinpile or obtain records of a. large number of trials of an* 
e3q>eriment. an^ cojin^the nunkbef of times the evfiu^t occurs. ' 

" • . . •* ' 

2^14 Large Numbers of Trials. With an increasing number of trials, the 
probability of an event determined ejcperimentally will tend to get 
closer and closer to the •probed^ility of Jbhe s^one event determined by 
comparing favorable outcomes with total possible outcomes. What do we 
mean. by' "large" when we say make "a large number of tri^i^ls"? Although 
one can i>ever be absolutely certain tfiat a given number of trials is , 
enough, if in a given experiment i*e keep on making trials and calculating 
the value of the fraction: 



\ 



number of tj^fnes an event occurs 
n^j^Mr of trials maode 



tolral 



we expect tp find that at seme point the prob^J^ility Stabilizes. It 
tends to reach a value which changes very little as Inore and more 
trials are made. At that point we can be confident that the value 
reached is close to the probability of fthe same event determined by 
con^jariiig favorable outcomes with total possible oujtcomes. 

In the following table o£ outcomes of tossing 20 coins, the 
prob|Uoility of heads is approaching .50. 







* 














TOSSES 


OF 20 


COINS . 










•1st 


2nd 


3rd 


4th 


5th 


6th 


7th 


Number of Head? 


6 


10 


11 


9 


13 


10 


12 


Number of Tails 




10 


9 


11 


7 


10 


8 


Cumulative Heads 


6 




-27 


. 36 


49 


59 


71 


Cumulative Tails 


14 


.24 

•* 


33 


44 


51 


61 


69 


Total Coins Toss^ 


20 ; 


40 


60 


80 


. 100 


120- 


'140 


Probability — Hdads 


.30 / 


.40 


.45 


.45 


.49 


.49 


.51 



If, after still more trials; the fluctuations above or below .50 
become less^ and less,^ we would be justified in assximing that we had 
reached a close approximatid^ to the desired probability.*' 



2.2 Activities 



2.21 As a means of intj;odlicing the-4nekning of probabij^ity , ask the 
class to think back to their e3q>erimeh4s with coins, pinners, and 



dice £md tell you: 



4iow mcmy *tails they woul^^^sfpecfet for every two 
throws of a coin. I0n^%^ 

How many reds they rfrould expect for every two 
spins of a red-blue spinner. [One] 

How many 2*8 they would expect for every 
6 roll3 of a die. [One] 

Rephreise answers 'as shown below: ^, 

< ^ ' ' ' r * * ► 

it we expect ; 4, ' ^ ^, .What we say ; 



1/ 



y tail in 2 throws • The probability of ge^ing 
^ tails is 1 o\xt of 2 or 



1 red in 2 spins The probability of red is 

1 out of 2 or 



2 



1 two in 6 rolls The p^robability of getting 

a two is 1 out of 6 or — , 
• 6 » ' 

E3Q>lain that to, save .tijwe writing out the long word "prc^abillty, 
people use a short-cut: 

1^1* 1 
For the probability af tails is We \J^ite P{Tails) = - 

* . 1 ^ 1 X 

For the probability of a 2 is — , we write P{2) = — 

Test understanding of this nqtatibn by asking: * ' ^ , 

If P(an event) = how often would you expect it to 
occur \n 3 trials? [2 out of>3 times] 

Sometimes the weatherman says^that the probability of ^ 
" rain is .7. "^ow wotild we write that in our short form? 
^ [P(rain) « .7] ^ ,V 

♦ / 
How often do we e^mect a baseb4ll player to get a hit' 
' in ten times at bat if his batting average is .300? 
!3 out of 10 times]' 

* NCJTBV: For classes not familiar with decimals, treat 

7 

. 7 as lanother name for — and . 300 aS another name 



for 3ooO * Probabilities are scaaaetimes expressed as 

percents— if P(An events* 50%, one can say tl^t there 
is a 50% chance that it will happen. ^ 

. • Introduce th6 idea of zero probability by asking: 

" How memY times would you expect to get green when 
you spin a red-blue spinner? [0] " , 

Explain that the probability of getting green on a red-blue 
spinner is 0 arid that.we write it/ P (Green) = 0. 

, Here is another similar question: 

0 ^ 

^ What. is. the probability that wllen you a die 

once, an eight will appear? [0] ^ 



' Point out that some events are cep^in to ^lappeh; the probability 
of such an event is 1. 




%t is the probability that the sun mil set tonight? [1] 

It follows that all events except ,tl;iose certain to happen cuid those 
Certain ^not to happen have a probability between 0 and 1. If the 
probability is close to 0, it metos that the event is not very likely to 

1 

happen. If the probability is - (or .5), it me^ that the chance^f 

event happening is equal to the'chaii^of its not happening.. If the 
probability is close to 1, it ibeans that the event" is very likely to 
happen. ^ ^ 

Have the class suggest different events and estimate the proba- 
bility of each. • 

■ / ■ ■ • 

2* 22 Here is a way for classes to/ learn how to determine probabilities 
by con^aurin^ favorable outcomes wi'th total possible outcomes: 

We have been estimating or mcJcing guesses about the probability 
that the poin^ter will stop on blue when we spin a spinner with three 
equal sections — one red, one blue, and one yellow. 

Are all the outcomes equally likely? [Yes] 

How mcuiy of the possil>le outcomes are instances 
o£ the event "the pointer stops on blue"? [One] 

Bern many possible outcomes are there? [Three] 

I _ 

zjie prooaoiiity or germing Diue is ^ 

like this: 



Then the probability of getting blue is j. We caux nrite it downj^ 



P(blue) = J 



In assigning a fraction as the probability^ of an event we identify 
the numerator aiid denominator as follows: 

^ the number of outcome3 that are instances 
- of th^ event we are interested in 



P(an event) ^ 



the total jiumber of possible outcomes 



In ejqperiments where there are numerous out;con^s--'Such as when two , 
'dice are thrx>wn — a practical way to proceed ^s to make a tabl^. We put 
the outcomes of rolling one die (1 through 6} on the bottom margin of the 
table and the outccMaes of rolling the other die (also 1 through 6) along ^ 
the left vertical margin. . We draw horizontal ^and vertical lines dividing 
the table in^ squaires^ In each square fdrmed, we put the sum of" the 
outcome at xhe bottom Jand the outcome at the left-: 

♦ * ' ' 4 

OutcOTies of Rolling Two Dice 



6 
5 

SECOND 4 

s 

3 
2 
1 



DIE 



7 


8 


9 


10 


11 


12 


6 


7 


• 8 


9 




11 


5 


6 


7 


8 


9 


10 


4- 


5 


'6 


7 


8 


9 


3 


4 


5 


6 


7 


8 


, 2* 


3 




• 

5 


6 


• 7 



^ 1 ^2 3 4 5 6 ' 
FIRST DIE 

If we want to know tiie probability of getting a sum of 5 with 
two dice, we aslt ourselves: ^ 

How many times does 5 appear as an outcome in the table 
- • above? [4] . 

flow mauiy possible outcomes axe there? [36] 

* 

4 1 - ? 

Thus, 'P (5) 36 9 

The ^heet on page 17 cah be used to provide practice in determining 
probabilities. 



4strictly speaking, •^ach entry is an ordered pair: (1/1); (1/2), 
(2,1), and so on. For sin5)licity/ the sum of each prdere^d pair is shown 
in the table. ' , ^ » • 
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Practice Sheell on Probability 




• 

Find the probai)i!Lity ' 
of : ^ 


What is the* . 
' number of 
favprable* 
putcomes? , 


f What is the 
total number 
of possible 
outCOTies? 


The 
' P (event)* 

is: 


Drawing a black block from 
^ a bag containing 2 red 
blocks/ 2 green blocks, 
* and 1 black block 


1 


.5 

/ 


1 

5 


, Having the red side down 
. after you roll a regular 
tetrahedron with flioes 
blue> red, white, and T 
yellow ' ' 


'"V 

.'1 


4 ' 

r 


• 1 

4 


Drawing your own n^e from 

o 

a hat in which there is 
one slip with your name emd 
7 slips with other names 


1 




1 
8 


' — ■ — ' 

Getting a "1" when-jyou • , 
• roll a die * 


1 


6 


6 


Getting a number other them 
"1" when you roll a die 




. 6, 


6 


' Gettli^ a sum smaller than 
6 with two dice? 


; 10 


. . 36 


10 _ 5 
36 18 


Getting the same niamber*on 
each die when you roll 
«^two dice 


, 6 


36 


6 1 
36 V 6 


Drawing an '•O" when you 
$ielect one letter from 
the word "SCHOOL" 


' 2 


6 


2^1 
6 " 3 


^ |«anding on blue when you 
spin this spinner o 


4 


8 . 


4^1 

8 " 2 

> 






• 
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2.23 • The experimental method' of determining probability can be intro- 
duced as follovfs: ^ ■ '. » f 

If we make a large nuralier of triads of an experiment emd determine 
the fraction of those "time^ a paijticular event happens, that fraction 
approximates the probability of the particular event. Thus: 

the nximber of times the event happens <» 

P<an event) = ^ 7 

tk^ total nvimber of trials we m^e , 

" ' ' y * 

Activities which illustrate the process of "determining probatJility 
experimentally include: • ^ , 



1. Shake thumbtacks in a cup and roll them onto a flat 
surface. What is the probability that a thim^tack 
gc»nes to, rest point upward? Rolling the ldl^5tacks 
into a shallow box helps keep them, tog^^ner! Ten 
is a good, number to shake ^s^^^jcollaz one 1;ime. 
Use thumbtacks with met^^^3:^heads . Alte3;natively, 
'hexagonal metal nuts may be used. Determi/Je the 
probability that the nuts, come to rest upright 



rather them flat. 





2. Draw an M&M candy at random from an^^&M candy 
-package containing assorted colors.* What is the 

, probability of selecting ^ yellow candy? Give each 
student am M&M package emd have him determine the 
number 0% times yellow is drawn compared to the ^ 
total number of ^awings. This fraction c^ be 
compared l^ith the actxial count of yellow candies 
out of total camdies. 4 

3. y Drop toothpicks from a height of four' f eet ^or taore 

onto a lar<re piece of papier ruled vertically with 
, lines as far apart as the length of the toothpicks 
used. \ What is the probability- that a toothpick 
comes ,to rest across a vertical line? 



i 
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» , € 

Di^PI>4ng 10 or more toothpicks at a 'time ea^edites 
V . the investigation. Do ftot count toothpicks which 

come to rest off the ruled paper. If one doubles 
the. tot^il number of tootlTpicks dropped and divides 
the product by the number coming to rest over a 
^ Hne, the answer shoul<| be close to 7T . An approxi- 

* . • 4n^tion of 'TT is 3.14. * , * 

4. Drop a cylinder cut from a mailing tube and deter- 
mine the probability that it lands qn its side.^ 

^ * The cylinder should be two inches oV more in * 

diameter and the drop should be three feet or more. 
By working with different si^es of cylinders,- the 
\ change in the probability of coming to rest on a 
^^side can be investigated for shorter lengths and 
for loAger lengths. 

_ f 

5. Plamt a given kind pf seed. Count seeds planted 

and Seedlings that sprout after a given length of 
Mme. ^What is the probability of germination? 

As they carry on any of these experiment^, students should; 

\ 

1. Mak0 an estimate of the probability and record it. 
Students may want to revise their estimates as they 
begin to get dat^a and should be allowed to do so. 
Each new estimatje should also be recorded, together 
with the number of the' trial at which the revised 
estimeite was made. 

2. Carry on the experiment carefully so all trials 
. will be conducted under s^imilar conditions, 

3. Set up an adequate recording system. " ^ 

4. Communicate results pictorially, using graphs 

where feasible. ^ * 

5. Be prepared to jdis<5uss results obtained. 

The total number of trials should be appropriately large. Calcula- 
tions are simplified if tri^3Ls,«are made in groups of 10 or 100. The 
probability of the evAt befliig/ investigated should be figured at regular 
points throughout the experiment, say every 100 trials. Have the students 
watch to see if the ^probability so calculated does tend to approach a 
certain value as the number of trials gets larger and larger. 

\, I ^ If the probability of the event has-been determined both expeti- 

mentally and by co«nparing favorable outcomes with total possible outcomes^ 
check to see how far apart the results are, Thef two pAbability figures . 
/ I > "ay be reasonably close or> there may be a discrepancy between them. Have 
/ \ the class discuss why a discrepancy might exist. Possible explanations 



are: 



V 

1* Happenstance. ' . , ^ ' . 

2. Incorrect calculation in one or both of the naethods. 
> 

, 3. Insufficient care that the experimental tarials were 
all carried out under similar conditiohs. ^ 

4, Use of an ••^f air" device, 

2.3 Games' ' ' ^ 

2.31 P^dt-A-STATE. For 2 players 1 Each player thinks* of a state of the 
United States and writes the name of that state on a piece Of paper. The 
firat player shows the state he picked. If the state written down by the 
second player is"the ^same as that of the first plkyer, he gets 2^points^. 
If the second player's state borders on the firstt player's state*, the"" 
second player gets 1 point.' Then new states are picked. The. two players 
^alternate goings first. The one with the most points after a -series of^ 
games' wios, ^ ^ 

2.33 . lARGEST NUMBER GAME. For 2 promore players and a, leader. Each 
player draws the following diagreun on a sheet of paper t 






















— n — ■ 



'The leader has ten slips of paper or ten playing cards, each bearitig a 
number from 0 through 9. Players take turns drawing a number, announcing 
it, to the other players, and returning the slip dr card to the leader. 
As e^rch number is announced, each player decides in which enq^ty square of » 
his diagram he will put the number. He must put it in^^one square before 
the next number is drawn; once entered, no niki)er can be phanged or moved. 
At the end of ten draws, all squares ^IX be filled; The player who has 
the largest 10-digit number wins. 

2.33 THE HAT GAME, "For 2 or mpre playe^rs "and a leader.^ Each player 
draws the following diagram on, a sheet of^paper: 



O ' A 
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ajie,lead«^r puts in a hat 10 identical slips of paper or cards/ each bet- 
ing a jiumber from 0 .throogh 9. Players take turns drawing'^ number, 
calling it out, and returning it to tiie hat: AfJter a number is called, 
each player decides in what empty shape on hia dia^gram he will put it. 
If l>e choose^ squares, he^uts the number in all 3 squares, ' If ^le,- chooses 
circles, -it goe? in both/circles. If he chooses triangle or semicircle, 
it goe^ in the ofie tri^^le or/ seroicircle^'^ Numbers must always be 
entered^before the Jiext number is drawn; onee entered, no number can be 
changed or moved. Af ter .fojijl: dfaws^, all shapes wiil be filled. Each 
player ^ then, finds the sums of 



o 




a^d V^.^ - /, \ , arid combines these sum^ ta get a grand total. "The 
Qumher In the semi circle does not cowt toward ^y total. lhe„ object of 
th^ game Us to have the largest grand total. 

The game is 'also injtisrestifig when the object' is to arrive at the ' ^ 
^llert grand t<>tal.- To provide practice with multiplication, the plus 
in the diagram tnay be replace^a with multiplication signsi. ' ^ 

Questions 1 ' ^ ' 

^ / , - . ^- ^ 

If the firs^ number drawn is a 5, which of the / 
shapes should you put it in, if you're trying 
for the Wgest total? ^ ^ 

How does knowing about probability help you in ~ ^ ^ ^ 

playint this game? _ , 
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CONCEPT GBOUP'3 — Tile Probability of Conpotind Events 

Objective J To have. children learn how to determine the "probability of ^ 
c<xnpound events. . 



3*1 Concepts 



3,11 The Probability of Thi^Or Tliat, If the probability of event 'A 
happening is,P(A) and if the probability of event B happening i^ f/^^ * 
the probability of eit'her'^A o£ B .h^pening is: * 

P(A or ft) = F(^) + P(B) 

provided the events are mutually exclusive. * 



Events are "mutually exclusive" when the happening of one of the 
events excludeS^the happening of any or, all the others. If we are usin^ 
a red-blue spinner, the events "red" and "blue" are mutuariy exclusive; 
when ^e spinner , -stops on red, b^ne is excluded as a possibility; when 
the spinner stops on blue, red is excluded as a possibility, M we are ^ 
rolling a die, the events "even" arid "2" are NOT mutually exclusive; 
when an even number is rolled,, itf could l^e a 2.5 / 

3.12 T!he Probability of ^ This And That. If the probab^ity of event A 
happening is P(A) and if the probability of event B Jiappeaing is P(B) , 
the probability, of A hapt>ening and then B happenii^g is P(A) times P(B) , 
that is f * " \ ' 

P(A and B) « P(A) x P(B) 



provided the events are independent. 

Two, events are independent when t^ie probability of either of the 
events is not affected by the occurrence of the other event; fn other, 
words, neither event has an influence on the other. To check if event A 
and'fevent B are independent: - ^ / 



1. Determine the probability of event 

2, Assume that event B has already occurred. 
Determine wha€"^e probability of event A 
is, ba^d on the assun^tion th^ event B 
l^as-occurred.^ f 



'J 



^The probabill^ of 'Hiis Or That for events that are not mutually 
exclusive and the probability of ThiB And That for events that are not 
independent can be calculated using the basic formula, number of favorafcle 
outcomes divided by total possible ojxtcomes, but determining the number of 
favorable ^ outcomes may involve procedures beyond the scope of this publi- 
cation, ^ 

^The p^obabHit^of eyent A given that event B has occurred is 
often symbolized , as P(AlB). 
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If ihW two calculati^s of the probability of ev^nr A give the Scim^ 
result, then event A. and ^vent B are independent; if the results are 
different:, .the events are not independent. ^ . ^ . 



As an exSttpie of independent events, consider <evtBnt A to be getting 
and event B to be getting blue, on a re^-blue spinner, rhe probability 
of event A, getting red, is ^ . Now assumi^ we 'first «t a blue, the 

probability Of red stays exactly l3ie sa^e^ at y . The occurrence of 

E^ent B did not chiun^e the probability of event A, herlbe the ^twp events' 
are independent. v • > ^ ' / 

But suppose we are drawing^ from 4 ba^ conl^iniSg a red block, a 
blue block; and a yellow block, and that we do not replace blocks Aft^r 
they are drawn. Event A is "drawing a red-b]rock" and event Br>is ."drawing 
a blue block." At the outset, the probability pf dr^winjg ^redyis j , but 
xt w^ assvune> that a. Slue block »ha&^ been drawn,, the probabi]|.ity of drawing 
a red block is — . ^ In this situation, therefore, event A and event B are 

not independent* Determining the probability of ccMnbined events, that ^ are ^ 
not independent is discussed in the footnote on page 22. 

^ J) 

3> 13 Repeated Trials, The^ question, "What is the probability tha^ / 
event A'happens twice in successipn?" is the same as ^king, "What is 
P{A and A)?" Just as we <^id with P(A and B) . we multiply the^proba7 
bilities and get: - ^ ^ ♦ ^ 

■f 

...P{event A happens ^wice) = P(A and A) = t>(A) x.P(A) 

Similarly, the pr<^ability of event A happeninigf three times in 
succession is P(A) x P(A) x P(A). The probability of event A' happening 
n time^ in succession t^hen is:. , j ^ ' 

yTCA) X P(A) X P(A) X X P(AH 

~. 

n factors -ea'ch P(A) 

•Hie foregoing assiames that all happening&.of the event are inde- 
.pendent, as they are in the cases we will be considering. ^ 

3*14^ Pirobability of This or Not This. If event A is one of the possible 
eventsr in a given trial, the eyent "Not. A," also called the "complement" 
of event A, is all the possible outcomes other than event A. Event A 'and 
the coo5>lementary event Not A together include all po§sibl^ outcones; 
therefore it is certain that either event- A happens or it does not happen. 
This being certain, the probability of event A happening plus the proba-^ ^ 
bility of event A not happening is 1. We.c6Ui write: 

P(A) + P(Not A) = 1 ^ 



23 



This statement is equivalent to . > • 

P(A) « 1 - P(Not , ' ' 

. and P<Not A) « 1 - ?(A) , . . 

: • . — . . ^ 

In some instances, the easiest way to determine probability of 
an event is to determine the probability that it will >iot happen and . then 
subtract' that value from 1. > - w 

3.2^ Activities ' ' ^ ^ ^ . . 

I—-— 

3,21^ Probability of l^iis or That. As an 4AtrOductory step, children 
shwld have*the -oppoirtunity of comparing the probability that This Event 
Or. Tliat Event wiir happen with the prc4)ability of each: of the individual 
events* ' * ^ ' ^ 

Tlie probability of rolling one of the nin*>ers I- thixJugh 6 with one 
^ie is ^ . Have class groups experiment to 'find out if ;the prpbability 
bf rollirtg one of two different numbers (for e&an5>le, ^ or a 4) is 
greater thah \ 6r less than \ . Stroke tallies illustfete this: 



- y 

The roll \is a 3 



Tlie-^roll is a 4 
Hie roll is a 3 or "a 4 



T 



mt fm (Ml 



^ 7 



It becOTies cleair that the niatober of times onfe of two events happens 
is greater than the nunfeer pf times either of the events happens alone. 
Therefore, the probability- of one of two events happening is greater than 
the probability of either event individuaflly (except in cases where the 
probability of one of the, two events is 0). ^ , 

NOTE: In any discussion of P(A or B) , it is iinportant' 
to know .whether or.not the events are-mutually exclusive. 

Here is a procedure to explain how the probability of 'This or That 
can be calculated. Have children think of throwing one die and a^k: . 

l^aeis the pji)babilityl>^war getting either a 3 or 
a' 4 on one roll? 

We can calculate^ this probability as we have done in the past by 
forming the fraction! o • ' ^ - 

t he nxanber of favorable putcomies 
P(An Event) « total number of possible outcomes 

* * 
How many outcomes are either a 3 or a 4? . [2] 



, Hovrmany possible outcome^ are. there? [6]' 

, ..>■"■•••,, ■: ^ 

The probability therefore is:, - ^ 
/ ' p(3 pp4) ^ p i 

Let^s stvt again and lopk at the probability of rolling just a 3. 

fis and the probability of rolling a^ 4 is also . If we add i and 
^21 • ^ ; . ^ 

— w get — or J / exactly the same result as obtained by comparing' 

fa^rable and total possible outcomes. What we have demonstrated is 
anot;her way to calculate the probability of This Or That, provided the 
'events are mlitually exclusive — simply add the probabilities of the events 

. • P(A or B) i= P*(A) + P(B) - r • 

% 

We must 'remember that the relation 

P(A or B) = P(A) + P(B) ■ 
applies only to everits whM.ch ctre mutually exclusive. Suppose 

■ ' ■ \ ' • 

Event (A) ^i^tHroya^ng a prime number (2, 3, -or 5) with one die 
/T^*^ Event {aX^^ifi''^z^}^towinq an even number (2, 4/^r 6) with one die 

P (A) = i 

P(B) = i . 

but P(A or B) jif 1 ' , \ 

* ** P(A or B) =1^(2, 3V 4, 5, or 6) = I- 

* - ' ^ ' * - , '« * 

3^.22 Hie Probability of This And Th/at. • .When we ask, "What is the proba- 
bility of A and B happening?" or "What is 1she P(A and B)?" we mean 
■•What is the probability that event A happens and then event B happens?" 
Aj9 exan^les, one might ask, "What is the* probability of getting, a red on 
one spin of a red-blue spinner and a blue on the next spin?" or. "Wha|t is 
"the probcJ^ility of gettfng a head on one flip of a coin emd a tail on the 
mUlL flip?" 

A similar question is, "What is the probability of drawing a red 
bloclc twice in succession from a bag containing one red block and one 
blue block if the block is replaced after each draw?** This is equivalent 
to asking*, "What is P(A cuid A)," where A is the event "drawing a red 
block." • ' . ^ 

* 

iegln by^ having students carry on e]q>eriinents that answer the 
questions .posed above other similar experiments, to find out whether 




•7 

Or event A and event B happen together. 
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the probability of This And That is /Greater than or l^ss than the proba- 
bility of either of the events dloney The fallowing tabW, enlarged to 
acconmpdabd the recording of rogre trifej^ can be used in an experiment ♦ 
with a red-blue spiowr: ^ / ' * 









Red on lst*Spin and 


Trial 


1st Spin 


2nd Spin 


Blue on 2nd Spin ^ . . 


i 


B 


B 


. No 


2 


R 


R 


No . • 


3 


R 




Yes • 


No. 


Red 


No. Blue 


No* Red folldwed by Blue 


• 









Twenty trials should serve to indicate that the number of .times red 
appe'ars on the first trial and blue on the second trial is^ less than the 
number of reds that occur cmd cfeLso less them' the number of blues. Indeed, 
the probability of two events happening one after the other is less thaui 
the-^>robability of either event ihdividually (except in cases where the 
probability of one t>f the two events is 0) . 

NOTEj In/ihe discussion of P(A and B ) , it is im|X5r- 
tant to^^^ake clear that in the cases considered^ 
• 'event A amd event B 'are independerJt, 

We now describe a procedure which may be used' to explain hcw^ the 
probability of This And"^*hat may be calculated. Put one red block cind ^ 
one yellow ilock in a bag. State that any block drawn will be replaced 
biBfore the next is drawn. Ask, "What is the prctoability of getting a red 
block on the' first draw and a yell(5w on the second?" We can write this, 
"What is P(R and Yl ?" Let us look at^ all possible outccxnes. If we draw 
red first, the result of two 4raws can be either R and R or R and Y. If 
we. draw a yellow first, the ^iiossible outcomes are Y and^ Y or Y and I^; 
'four possibilities in all: 
\ 

. 1 



First 
Draw 



Second 
Draw 

R. 

Y 

R 

Y 



Possible <« 
, Outcomes 

^ r- 

^ R and R 
R and\Y 
- Y and R 
' Y and Y 



Are the outcomes .^ally likely? (Yes] ^ 

Hc^ many favorable outcomes. aure there? [One] 

How many total-*possible outcomes? (FpurJ . 
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^ ^^taie probability of red first aftd 



1 

ellow second is therefore t • 

4 



Looking at the e3q>€rifiient in a^diffeteht way, the probcibility^of 
getting red oh the first draw is i . Tlie probability of getting yello^ 

^ ' 1 1 * 

on the second, draw after getting red on. ^he first is of , which is 

111-' 

~ X y or — . This demonstrates another itethod of determining the proba" 

bility of This And That (provided the eveyits are independent)^ — mxiltiply 
the ^obabilfties of the individual events: ' ^ ^ 

P(A and B) = P<Ai x P(B) 
^ ~ 2 ^ 2 

3,23 Th$ Probability That An Even^ Will Not Happen, A suggested explana- 
tion and series of related questions to develop understcuiding df the 
, relation between the probability of cm event happening amd the probability 
of its not happening follow. " 

/♦ ^ 

Suppose there is a box of 12 guskirops each of ^hich is the same 

size. Five of tfiem are yellow and the remainder are green. If you close 

yoor^ eyes., reach into the bpx, .amd take out a gumdrop, the probaJ^ility r' 

^you Will take out a yell^ one is ^ . It should be equally clear that / 

\ - I * 7 

the probability of your^ot getting a yellow guindrop is ^2 ' It is 

certain that all the gumdrops are either yellow or not yellow and the 
probability of am event that i's certain is 1, hence: 

P(gumdrop dravm is yellpw) + P(gtjmdifop drawn is not yellc*^)* ^ 1 
In general: 

P( event A)'+ P{event Not A)' = 1 ^ 

liQf we know the probability of an event happening, we can readily 
determine the probability thfl^ i^ will not happen. Likewise, if we know 



^ i^ will not happ€ 
wMl not happen, v 



the probability that am event wMl not happen, we can determine the 
prc^ability that it will happen. 

Suppose 4^e know that the probability of spinning a red is ^ • We^ 
cam^find the probability of not spinning a red as follows: 

P(Red) +»P(No€ spinning a red) = 1 

"J +. P*(No^ spinning a re<i) =1 ' 

13 

. * P(Not spinning a red) 1 - ^ = ^ 

Simila|:ly, ifjthe probability of a person not ^oing to school is^ 
i the probability that the parson will go to school is 



1 9 

^ i . P (Going to school) ^ " iq * iq ' 

Probabilities are scni^tiibes expressed in terms of ''odds.'*' Where ^ 
the probability that an event will happen is ^ ^ the probability that it 

1 

will not happen (from the e3cplanattion just concluded) is j . This meana 

that out of three possible outcomes^ 2 will be favorable amd 1 unfavorable 
axyi^we say, "TheSoAis are 2'^to 1 in favor" or "The odds are 2 to 1 that 
the event will happen." Odds are stated as the ratio of favorable out- 
comes to unfavor€d)le outcomes. Ttie odds against am event happening are 
< reversed — the ratio of unfavdrable outcomes to favorable outc6mes. 
* 

y 

♦ 3. 24 Practice Exasqples. Once the basic metfhods of calculating the ^ 
probability of conpound events a^re understood, it is desirable to provide 
students the opportunity, to apply them to specific^ situations. What is 
the probability of i . 

Rollina no more than 4 (that is, rolling a 2 or 

t"6 ^ 1 



Not getting a 5 with 2 dice. 



Rolling a 7 twice in a row with 2 dice. 



IT 1 T\ 
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Getting a product of 10 when you roll two dice emd 
multiply the nuntoers on each die. (Suggestion — first 

, msike a table ofyall possible outcomes.) | IF j 

Getting a ^ead and a 6 when you flip a coin and roll / 
a i^ie. 



Getting a heart and then a spade in two draws with 
replacement from a deck of cards. 



|_4 " 4 lej 



Not getting either a heart or a spade in one draw 
from a deck of cards. 



Getting a picture card on one draw from a deck of 
cards. 1 — ' 

L13J 

Getting a sum of 10 when you roll a ^etrahedron with 
faces marked 1, 2, 3, ^ and an ordinary die marked 

1 through 6. 

I ^ • . 
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Drawing a ^ed block from a bag c^»^ta±fu!^g 3 red 

blocks and 2 blue blocks and drawing a blue blo^k ^ 

from a bag containing 1 resd block Snd 4 bJrtre'bibcks . ^'^ ' 

[T 4 iT] ' f 
^ 5 2 sj i, 

. 3*?5 The gec^x>ard offers a variety of interesting ways to! have children 
practice with and learn about probability. Consider a geoboard with five 
rows of five pegs to be a field. . A peurachutist jxmqps^ frOTi cm airplane 
and lamds on the 'field. He hcus an ec[ual probability of lamding in any 
part bf the field. 

Th^re are 16 squares where the psurachutist might Jand; thus the 
probability of landing upon any one of than, is ^ . 

What is the probability that the peurachutist lands 
in the tc^ row of squares? ^1 

Now we establish two different areas in the field by putting rubber 
bands on the geoboard — one we call Area A, the other Area B. 




What i9 P (Landing in Area 



What Is P (Landing in Area B)? 
What is pK Landing in Area A or in Area B)? 
jT(A or B) « P(A) + P(B><« 1 + i » 
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We can check this by ^coinpcuring outcomes. 

A landing In how many s^pares gives a favorable 
outcome? [6] ^ 



How many total posslj|!)16 outcome^? [16] 



What Is P(Landingi^f<in/iurea A or in Area B) ? 



Suppose we consider Areas A and B as ledce^. 

What is the prol^ability that on any one jvnnp the . 
parachutist does not lemd in a lake? 



l_ 8- 1. 



Now suppose the prara^hutist mctkes two juinps. 

What is the probaibility that he lamds in Area A 
• on the first ivmp and in Area B the second jump? 

jTcA'^and B) = i>(A) k P<B) = | x j = ^ 
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What is the^^obabillty of landing in Area A twice 
in succession?. r*~ I ,^ * 

' J 

For variety, change thp sizes of Areas A and B or use additional 
areas. Also see Mathematics on the Geoboard by Niman and Postman for 
additional activities. , 



3»26 Tree diagrams are a helpful tool for calculating pfobabilities. 
If we are ^s^ed, "What is the probability of gettiag exactly two heads 
in three flips of a coin?" we can make a tre^ diagram with each branch 
repre'iienting one of the outcomes of each flip: 



1st Flip 
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The prcd>ability any one outcome is I* , Of the 8 ; outcomes there are 

three (H,H,T; H,T,H; T,H^H) where there are exactly two heads\ hence the 

^ 3 ' 
probability sought is . 

What is the probability of getting more than one 
tail in three flips of a coin? [There are four 
outcomes where two or more tails occur, hfence 

4 1 

P{roore than one tail) is - or — .] 
, 8,2 

Here are'adcfitioqal problems where recourse to a tree diagram, is 
useful: ^ ^. ,^ 

What is«^e probability that a family with three 
children will have at least one girl, assumirg that 

the probability of having a boy is--^ ? 

Whkt is Jthe probability that the f i^rst two cliildren 
in a family will be boys? |^^^ 

If one flips a penny, a. nickel, and a dime, wh^t is 

the probability of having the coins that land be^ds ^ 

• represeift a value of 11 cents? 
3,3 Games and Problems 

3>31 ODDS ANI< ^VE^S. This sin5>le game has been played in Europe -for ^ 
centuries. Two players simultaneously bring their right hands from 
behind their backs^^ using fingers to indicate a number from 0 through 5. 
If the sum of the two numbers is even, one player scores a point; if the 
sum is odd, the othet player scores a point. * 

3.32 TELEPHONE NUMBERS. For a group of 3 to 10 students. Have each 
member of the group write his or her telephone number on a slip of 
paper. Ask how many think there are two persons in the group whose 
telephone numbers have the same last digit. Let children guess how 
large a group mustibe before the probability is i that two group members 

4? have telephone' n\imBers with the same last digit. After guesses have been 
recorded, compar^ telephone numbers within the group to determine if 
there is a match, ,j^hat is, em^instance of two telephone numbers with the 
same lastCdigit. [with a group of 4 people, the probability is slightly 

less tftan y that two in the group have the same last digit of their 

telephone numbers 

An ^explanation of how the probability of approximately j was deter- 
mined is furnished as a matter of interest, and not with the expectation 
thi^t it will be relayed to students. 
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Wfi recall from Concept 3.14 that P(A^ 1 - P(Not A). In the terras 
„ ^of our problem, this' aie£ms that the probability of two persons In a group 
having telephone numbers vith the same latst digit equals 1 minus the 
probability that no two peoplfe in the group have telephone numbers with 
the same last digit. We proceed as follows to calculate the latter 
probability. Sv^^se there is one person in a room. It is certain, that 

is, P « ^ 'J5' ' that no one else in th^ room has a telephone number 

with the 'same last digit. 

A second person enters. His tel^hone number will have the same 
last digit in one csise'out of 10; therefore the probability that his . 

9 i 

nunfcer dpes not have the same last digit is — ^ the probability that 

neither of the two persons in the room has a nianb^ r with the same last 

. 10 9 ' 90 ^ J 
digit IS — X — = y3^--.9. 

A third persdn enters. The probability that he dofes not4iliave a 
telephone nximber with the same last digit as the two already there is 

— amd the probability that no two per/ons in the room have nuntoers with 

^ ... 10 9 ' 8 720 

the same last digit is — X'— x — = jooo = -^2. 

Following the same line of reasoning, after the fourth person eriters 
the probability that no two have numbers with the same last digit becomes 

10 ^ 10 * tI ^ * fraction is -jl^ or .504. Thus, 

we conclude that when there are four pec^le in a group, the probability 
that two of them do have telephone numbers with the same last digit is 

1 - -504, or just slightly less than j • 

3.33 TELEPHC»JE NUMBERS IN A LARGER GROUP. Ii^ groups of 11 to 20 persons, 
aslT'fdr guesses as to the probability that two persons in the group have 
telephone numbers^ with the Same last two digits in the same order. . 
Record guesses cuid then conqpare telephone numbers. Using an extension of , 
the procedure xiaed in the prece<|ing pcuragraph, it can be shown that in a 
group of 12 ped^4^ the probability that two of them have telephone ^ 

'numbers with the same last two digits in the same order is approximately j . 

3.34 BIRTHDAYS. ^ For an entire class. Have each class member write the ^ 
month andMiay of his birthday ok a slip of paper. Ask how many believe 
that there are two class members who share the S2\kie birthday. Ask for , 
estimates of what the probability is that two menfcers of the class have 
the same birthday. Again using the procedure of paragraph 3.32, it can 
be shown that with 23 persons in a group the probability ia» slightly more 

than \ that two persons have ^he sam4 birthday (month and day) . 




3.35 QUAClCy QUOTIENTS. This 
practice in dividing vrfiole r\i 
9 lilniber from 1 through 9 by s; 
or drawing a card from a set of c 




f6r two players r provides' excellent 
/JPlayer A and Player B each select 
Ig a spinner with 9 numbered sections 
fds numbered 1 through 9. Player A's 
number is divided by Player B's nuinber. If the firs.t digit of the^ 
quotient is a 1- or a 2 ozf a 3 (regardless of the decimal point) , Player A 
wins a point* If the first digit of the quotient is 4, S, 6, 7, 8, or 9, 
B wins a point. After several games have been played, ask if Quacky 
Quotients appecurs to be a fair game, that is, a game where each player 
has an equal chance of winnii^. ' The answer to this qxiestion lies in 
making a table showing all possible quotients for the digits 1 throufh 9. 
[SOT of the 81 entries in , the table have 1, 2, or 3 as a first digit, 
hence the probability is ^ or a little more than .6 that Player A wins.1 



Why can't we use 0 as one of the digits on the 
spinner or set of cards? [Division -by zero is 
undefined. ] 
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CCaiCEPT GROUP 4r-Co\inting ^ ^ ^ 

w * ■ 

• ^ 

Objective : To have children learn how to determine tjie nurftjer of dif- 
ferent permutations and combinations of the members' of a set. * ^ 

4>1 Concepts ) 

4.11 the Multiplication Principl<B. If one thing can be done in m ways 
and another in«h ways,' there are m x n ways to da the tWo things/ 
Example; A girl has 4 blouses and 3 skirts. Theore are 4 x 3 qr 12 
different' ways of choosing a blouse and a skirt. ^ . ^ * 

4.12 Permutations. The different ways of ajrranging the members of a set 
where each different order is considered a different arremgement, are 
called permutation|^. » 

For the' letters a- and b, there are twp permutations, ab and ba. To 
^find the number of permutati6ns of a group of three different elements or 
objects, we ask these questions: 

' %n how many'^ays can the first element' be 
chosen? 3^ 



^After one element is placed first, ^ now 
megfiy ways cam the second place be filled? ... 2 

. After one element is placed first and 
/ another second, in how many w$tys can third 

: place be filled? 1 . 

Any one of the ^three can be chosen for first and either of the two 
remaining chosen for second, so the ^number of permutations is: 
3 X 2 x'l = 6. For' the group of letters a, b, and c, the six permuta- 



tions are I 



abc bac cab 
acb bca cba - 



If there are four elements or object3 in a groxxp; the number of 
permutations is 4 x 3 x 2 x 1. This product is called "four factorial" 
and is written 41. If there are seven ob jiSQts ' ii> a glroup, the nUD&er of 
permutation^^ is 7!. If there are n objects -in a gto\jp, there are n! 
permutations of those objects. For any positive integer n, 



nl n(n - 1) (n - 2) ^ ... (1) 

$ 

Suppose we wan^ to determine the number of permutations of any 
3 objects tOUt of a group of 5. In such a situation, we have, S choices 
foi; the' first object, 4 choices for the second, cmd 3 .choices for the 
* third, making 5 x 4 x. 3 or 60 permutations in 'all. Note that the 
factors 5, 4, and 3 ate the first three terms ^ of 5! . . *In, general, where' 
r is not zero, 'we can find' the number, ^f permutations of r objects out 
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of a gnpup of xr' ol>jects by toking the first r term5 ^of nl; 

4*13 ConblnationVS Combinations are different selec^i'dns of members „ 
frdp a Set without regard for the order thereof. ^ 

\l!he^e is just one combination of all the elements of a ^et. For ' 
the letters a and there is one combination, 'written either ab or .ba.*^ 
Similar lyi there is^pnly^one committee ^f five that can be formed froig 
a grovip of five persons/" v , 

^ Bayr do we find the number of combinations of part of the elements 

of a. groi4>? ^ Suppose we want the number^ of combinations of 2 out of three 
letters in tlfe word "cat."'^ By inspection, there are thr^e, ea,'ct, and^at. 
Is there a general procedure to c^tain- the' number of combinations of r out 
of n objects of a group? One way to do so is to start with ^the number of 
permutations of the h objects. For 2 out of the 3 letters of "cat," there 
axe ^ permutations., / - - ^ 

ca,ac ct,tc at,ta 

Each of tbes^ 3 pairs has two permutations. To elimina€e duplica^ 

t|on of arrangements which are the same except for order, wcl divide 6 by 

2 [and arrive >t -the answer 3, the nimaber of codbinations of 2 out of the 

3- letters of •*cat.'* To review, we divided the^ number of permutations of . 

2 out of 3 letters by the number of permutations of 2 letters, thus; 

^ - . 

^ ' . . ^ \ ^ , the number o5 permutations 

-me combinations of 3 letter6_, ^ „f 3 out of 3 letters • 



taken two at a time 



the number of permutations 
•^of 2; letters ^ ^ 



\ From paragraph 4.12, the huraber of permutations of ^ <>ut of 3 
Objects is the first 2 terms of 31 and the numbe'^r of permutations of 
objects is 21, hence - . . - ^ ^ 

T^e combinations of \ letters ^_ first 2 terms of 3! 



taken two at a time * ^ ^ 21 

More gene;:ally, the pumber of combina€ions of.n objects 'bfiken r at 
a time is:^ , . 



8 . ' , 
The nuriber of permutations of r objects from a group of,.n objects 

' is also given by ^the formula: c » 

- > ' ^ Til ^ ^ \ 

^ i — (with O! defined'as L) 

• • , • (n - r) I , , * 

9 : * ' * ' - 

Hie number of combinations of r-^jects from a group of. n is also 

given by th^ formblat ^ * ^ ^ 

* ' nl • ■ 

^ ^ * (where 0! is defined as 1) ' 

(rl) (n - r)J- 



thfe first r terms of n! 



Th e num ber of cOTibinations _ 

of^Snpfcjects r at a time rl 

implying this to^soi^ example^^ we (have: * 

The number of co*»binations of _ 4 x 3 y 2 
4 objects taken 3 ^t a time ~ 3 x»2 x 1 



= 4 



.0 



The cond^inations of l out 
of a group of 4 objects 



' It is not accidental that the number of ccMfibinations of 3 objects 
out of a group of 4 tuirned out to be the^same as the combinations of 
1 out of 4 objects. ' In all case^, the numberof combinations of r objects 
from a grpup of n objects Is th^ same as th^'^mmber of combinations of 
n - r objects out of n objects. ^ [ 

For the sake of c6nsistency, we say that there is just one combina^- 
tion of none-^of the objects of a group. 



4.2 Activities 



1 



4.2]„ ali6 blouse and ^kiti: example mentioned in Concept 4.11 is useful to 
illustrate cuid claJrify tdie Multiplication Principle. Young children may 
enjoy working with cutout paper blouses and skirts. A tree diagram helps 
mak.e counting orderly: 



Blouse 




Arremge- 
ment' 

AX 
AY 
AZ 
BX 
BY 

BZ ' 
CX 
CY 
CZ 
DX 
DY 
.DZ 



V 



F9ur blouses and three^kirts produce twelve arrangements. 

tlow 'm£my^ arrangements*^ are possible with 5 blouses and 4 skirts? [20] 

. Encourage, children to leok for the method of finding the nund^er of 
arremgements withoul^ counting; i.e., to multiply the number of blouses by 
the niimber of skirts. Otiier problems to be worked on include: 
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What is the nionber of possible outcomes when a 
3-way spinner is spun twice? [&] 'how many for 
a 12-way spinner? [144] 



How m^Y possible outcomes when a tetrahedron is 
rolled and a 6-way spinner is spun? J24] 

What is the number' of w^ys a boy and a girl can ^ 
*be chosen class^ leaders if th^re are 6 boys and 
8 girls to choose from? {48] 

How mant different double-dip cones can be made 
from 6 different flavors? [36] From 31 flavors? 
[961] 
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4^22^ Introduce permuli^ons by asking the^students to make as many 
arrangements as* they can of the letters of the word "PAN. " Explain that 
each of the possii^le arrangements |PAH, PNA, ANP, APN,- NPA, NAP) is called 
a pefcmutation. Use the explanation in Concept 4.12 to show how the* number 
of permutaticrfis of* a given group-<5f objects is determined. Introduce the 
notation 3! = 3x?xl and 41=4x3x2x1. Establish that the 
number of permutations of n different objects is nl and the number of 
permutations of r out of n objects is the first r terms of nl. 

V 

- Among the many, class activiti-^ and projects involving permutations 
and associated probability questions are: 



Provide crayons and flag outline such 
as that shown at the right. How many 
ways* can a 3-s tripe flag be made using 
all of three different colors? Extend 
to flags with more stripes. Let the 
>^ass ma^e a chart showing' number of 
colors amd iiumber of ways flag can be 
colored. [6 ways for 3; 24 for 4f. 
120 foar 5] 



be 



With flags having red, prajige, and green 
stripes, what is the probability that the 
orange stripe and the green stripe wili. 
next to each other? [4 out of 6 or ^ 

Lifet and count the .possible arrangements of 

2 Jesters out of the word "TENS"; then - 

3 letters, then all the letters. [12; 24;. 24] 

Have a group of 2 children, one of 3 children, 
f amd* one of 4 children line up in as mamy 
different ways as they can, keeping a record 
of the arramgements they make. 
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Count and record "^the number of different, arranger 
ments on a shelf that can be made with 2, 3, 4, 
or more books. , 



Find how many 3- letter arrangements ax^ possible 
using the 26 letters of our alphabet A [26 x 25 
X 24 where all three letters are different.] 



How many different sets of initiajLs are possible, 
if each -person has one surname and two given 
names? [2fe x .26 x 26] 



One "way" to answer 
test is T-T-F-T-F. 
there? [31] 



^ five-question true-false 
How many other/ways" are 



How many license plat^ can l:>e made with one 
letter followed by 4 digits?' [26 x 10 x 10 x 10 
or^^-if we rule out 4-digit numbers starting with 
zero, the possibilities are 26 x 9 x 10 x 10.] 

If a set of books is Marked Volume I, Volume II 
Volume III, a^d Volume IV, what is th^proba- . x 
bility tha^ the set will be put on a shelf in p j^-i 
the right Order by someone who us blindfolded? -jj 



What is the probability that a permutation of 
the four letters A, R, S, and T spells a common 
English 4- letter word? 



out of 24 or 



A« baseball team is the same regardless of how one 
lists tlm players. A batting order, however, 
differs depending upon order.- How many batting 
orders are possible using 9 players? [9!] 

The number of ways 10 boys can be arranged in a 
line is 101^ What is the probability that 10 bo^ 

will line up in descending order of height? 

4^23 The procedure of Concept 4.13 Cem be used to explain^how the _ 
number of combinations of a group of objects is calculated. Alterna-^ 
tively, children should l>e able to determine the number of combinations 
of a group of objects by listing them. A systanatic approfich to listing 
should be urged. Suggest starting with the letter or object at the left 
and work consistently from left to right. When listing the combinations 
of 2 lett^s from the wqrd. "PLAY," we would sl^art with P, t?fe left-hand 
letter, and take the next letter to the right|to form PL. Next in order 
,coroe PA and PY. Th6ri go to L, the next, letter not yet used as anMnitial 
letter, and list T5P and LY. "Finally, we go to A as the initial letter 
and make the c^ibination AY. 
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. The activities set forth below can provide experience eith'ey with 
listing or calculating combinations: 

If three' coins are ctjpsen from a group made \xp of 
a penny; a nickel, a dimer a quarter, and a half- 
dollcEr,. how many different amounts of money cure 
represeirted? [10] • > 



ma^iager of a baseball team had 6 outfielders 
on his squad. In how m£uiy ways could he pick 
three of them* tp play? [20] \ 

In hw mahy ways could he assign the chosen three 
to twR three outfield positions? [6] 

Determine, the nxinber of combinatiohs of 3 council 
menibers that can be elected from a slate of 
10 candidates^, [120] 



Mary has 15 friends she would like to^ invite 'to a 
party but she can only invitfe 10 of them. * In how 
many Vays can she choose 10 out of the 15? [3003] 

A teaser has to pick 4 out ^ of the ,9 girls in her 
cljiss for safety patrol. How many different 
groupl of 4 girls can she cKoose? [126] 

How many different 5-card hamds ca^ be made frofa 
a standard 52-card deck of cardsj 

$2 x,51 X 50 3f 49 X 46 _ . 
5x 4x 3x 2-x 1.^ 2,5^,960 




* The Yellowing problem can be solved by usih^ one's* knowledge of 
comfeinatitMis or by using P (A and B) : 

f * \ 

4 « Two studente are to be chosen at random from a 

class that consij^ of '8 boys and 13 girls. 

• Wh^it is the probability that the two chosen are 



4^g4 One of the dbst fascinating relations in probability theory is 
nameid s^ter a French mathematician who helped develop- the theory. It is 
called the pascal- Triangle. ^^^^^ ^ " 

; * Distribute a sheet containing the table on page .40. For the informa- 
tion of teachers, the nv^er of combinations- appears in each circle but 
these figures should not^be shown on the sheet distributed to students. 
The number of combinations in the circle at the left of each row i^^f - 
there is only one^cciribination of' the objects of a group taken none at a ^ 
time. Tliis is equivalent to ^saying that there is only one way aj.1 the 
objects of a ^rou|> can be left put. The number of ccttnbijdations in the 
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^right-Kand circle of eac^ row is also 1; there is only oije coinbination 
of .all the objects of a grov?)^. ' 

N Have the class fill in the eii?)ty circles in the first five rows 
using procedures they cu:e already familiar with to determine the various 
numbers of combinations. Much of the information will already ha\^ been 
calculated. After any row is con^leted, have students add the numoers of 
ccmbinations in that row and put the row total in the column at the right, 
noting that each row total is twice that of the row SJDove. 

/, > ^ 

Number of Ccanbina^ions ^ 

Number of ' ^Row 

(adjects ^ * Total 




0 0? 1 L Of 1^ 

©O0 

0 of 2 1 of 2 2 of 2 

© 0 © 0. ■ . - 

0 of 5' X of 5 2 6t 3 3 of 3 . 

' O 0 0 0 0 - 
©00 0 0©- 

0 Of 5 1 of 5 2 6f 5 5 of 5 ^ of 5 5 of 5 



Ask the cl^ss to try to find a way of obtaining the number of coiriDi- 
nations^in the 6th row of the triangle witljout calculating the number of 
coml?inations for each circle. The first and last entries are always 1; 
the seccmd and next-to-last entries, aure always the same as the number of 
objects for the row. Some st\:61ents may hit on the -key; the number in any 
circle is 'the sifia of the number above it and to the left and the numbeir 
above it and to the right. Us6 this key to con^lete the 6th row and any 



40 



45 



subsequent roiir^ desired. 



The pascal Triangle presents one of the best opportunities in all 
nathematics to : explore} nunber patterns and symmetrical relationships. • 
qtoe nuHibers' making up the Pascal' Triangle occur in several different* 
mathematical situatibns, not only in the study of probability. Encdfcrage 
students to look for patterns such as the progression of numbers on 
diagcmal lines; ccMomon factors for all the numbers in a row other than 
the.l's at beginning and end; the symmetry of the' rows. / ^Much additional 
information about Pascal Triangle relationships is to be "found in' the 
March 1974 Arithmetic Teacher , pages 190-198. ' ' • » T 

It should be pointed out that the numbers of combinations shpwn in 
,the Pascal Triangle.^re, identical with the outqpmes of flipping coins. ^ 
If we are flipping two coins, for example, we can look at the row fo;: two 
objects ahd find that there is 1 outcome with no heads (T,T) ; 2 outcomes 
witiJ 1 head (T,S and 3'',T) ; one outcOTie with 2 heads (H,H) ; and a total of 
4 possible outcomes. 

Once children becOTse familiar %idth the Pascal Triangle, they should 
be able to do the following problems: * , ' 

♦ - * 

What is the probabi^€y of getting 4 heads and 1 tail 
when 5 coins ctre tossed? [In Row 5, there are 
32 total outcomes. The ^th box in the row shows that 
therfe are 5 ccxnbinations of 4 objects (heads) out of a 
^group of S, hence the probability of 4 heads in 

« 5 tosses is ~. 

In 3 tosses of a siiittle coin, what is 'p(3 heads)? ^ J 

tTossing 1 coin 3 timfes is the same as tossing' 
3 coins once. 3 

In 4 tosses of a 'single coin, what is P(2 tails)? 

Prom 4 persons, how many committees of 3 can be 
chosen? [4] 

t * 

^^^"^ o people, how many ccanmittees of 3 can be 
choseH? [20] 
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If yob are allowed to cdioo§e any 4 out of 6 problems 
on a test, how many different selections of 4 problems 
are possible? [1^] " . 



4.3 Gmea 



BOX WORD. For a group of children. Make four identical boxes. In 
put small pieces of paper On whi«h are written the leSers e n 
S 4 "r^^'' ^' ^''y'Z ^' ^' ^ ^- I" Box 3? pS a"b?'aSd y 

ord?r ir^hfi^Hr* appears, the letter is written down in 

ll liL, It f spell a word, the child scores a point. From time 

Sffe^t^rir ^""^^ ^ replaced with oSers that spell 
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Teitcher Question: ^— — ^ ' 

What is the probaibility of scoring a point as 

1 1 

each box is used? Box 1 or Box 4j — ; Box 3, — ; 
Box 2, y 

4.32 . GEORQLL. For 2 players. Use a 5 x 5 geoboard. ■ Cut out a sheet of 
thin paper the size of the geoboard and press it down so the paper lies, 
flat emd the pegs stick throt^ holes in^the paper. Turn the geoboard 
so one comer points away fx>am you. Hark the pegs so the geoboard looJcs 
like this: ' 



START 




2 



15 3 
• • • 




1 : ^ . 6 ^ - 1 • 



E 

• 5 10 10 '3 

• y • • • ^ iiND ' • 

15 20 15. . 

en5 * 'to /. 

35 35' ; ^ 

♦ ** * • 

Both players start by placing a marker on the top" peg. Use a 
paperclip as a marker or a circular piece of paper that fits over the 
pegs readily. The players take turns flipping a coin. If a player flips 
a liead, he moves one peg downward eind to the left. If he flips .a tail, • 
he tooves one peg downward and to the right. Eaqji' player's -score is the 
sum of the n\axlibers on the pegs he reaches as he goes frc;HD START to END. 
The player with the smaller sum wins. | 

Teacher Questions: , ^ 

^'^^ What is the lowes1fcif>ossible number of moves to win? [4] 

What is tlie lowest winning score? [4] 

What is the largest possible himiber of moves? [7] ^ • 

What is the highest score? [77] 
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,v . COnCEPT GROUP 5 — Sampling 

Objective: -Tp give children experience with the process of san^jling. 
5, 1 Omcepts 

5. 11 RandOTi Sanqples. A sample is a "randooa san^le" if each member of 
the group from v^ich it is taken has an equal probability of being chosen 
for the sainple. 



5*12 Predicticms from Sair?>les. It is likely that information frcBi a 
relatively small random sample will give a reasonably accurate prediction 
about the make-up of the group from which the featople is drawn. The larger 
the sample, the greater the^ likelihood of accuracy in^ the prediction. 

5.2 Activities 

^^^^^ - t 

5*21 To introduce the .idea of a ranctom sample, propose the following 
situation to yoiit/clas^. ^ The principal of a school wanted to |ind out how 
the students liked arithmetic. He didn't want to take time to question 
everyone, so he picked |rom each class a sampf^ of three students who were 
good in arithmetic and asked ^ttfelr opinions. rJoo you think he got an 
accurate estimate of how tjie' studetitfe iii 'tbe:kSchool liked arithmetic? 
[Almost certainly not, bi^ause good>students tend to like a subject more 
than poor students, and. none of tlie^j^rer students had a chance to 
es^ress opinions. Another problem rev6±7fest around the' tendency of 
students to tell the principal what they^tiink he would like' to hear.] 

What might the principal have dqiie k,o get more accurate information, 
without asking everyone in school? :"Eikplain,ti>at results are more accurate 
and dependable v^en a san5>le is a "random -s^imple;"' that is, a san^le where 
, each person or thin^ in' the group from which the ^anqple is taken has an 
equals chance or probability of being chosen* Ask for ccanments on l^e 
following samples. Are they ramdOTi sauries? 



Group from which 
sang>le is chosen * 

1. Automobile drivers 



The population of 
a 'city 

An elementary 
school cla^s 



How scunple was chosen 

Taking every 3rd car from those on 
a suburban street between 11:00 A.M. 
and noon on a weekday rooming. 

Taking the first naifte on each page 
of the local telephone directory.. 

Tossing a die to select one of the 
first siaci»«H'ies and then every 
6th name thereafter oh an alpha- 
betical listing of class ineinbers'. 
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Sanqple No. 1 cannot "^be considered a randqpi saiflple. A sample selected 
from cars on a suburtfam street in mid-morning would be likely to include 
far more wcmen theui men. For Sample No. 2, the answer is the same; 
families or individuals without a phone or with an unlisted phone are 
not included. For^Sanqple No. 3, the selection method appears to give 
, every class member a chance,of teing^selected; , hence it --pan be con- 
sidered a randcxn sauDople. 

5.22 Randcwn samples are scxnetimes chosen by referring to a table of 
rsuftdOTi -numbers; that is, a ted^le of numbers facking amy pattern pr 
'regular arrangement. 

Have a group of students use the local telephonef directory as a 
table of randOT niandt^ers to se3^t a lample of 5 students frc^n your class. 
A listing of ^11 the' students the claiss should be available. Say 
there are 26 stxadents on the iis't. Arbitrarily choose cfne number in the 
directory as a starting point. . From that point, put a check on, each 
sxjbsequent n\:pber which has its last two digits in the sequence 01 
through 26. Suppose the next 5 numbers so checked ended in 02, 19, 16, 
22, amd 11. Thenxtbe sanqple of 5 students consists of the. 2nd, 19tK7 
16th, 22nd, and 11th naunes on the class lifting. 

/ 5. 23 As a demonstration of sampling and how it >works in practice, put 
10 blocks of the same shape amd size in a bag, some* blocks being of ^one 
color, the remainder another color. Tell the class only the, total number 
of blocks in the bag. Have children, one after the other, draw a block 
from the bag, record its^ color, replace the block, and shake it up with 
all the others in. the bag. After 5 blocks have been removed, ask the 
cl^iss for estimates of how many blocks of each color they think the bag 
contains. Continue removiM more blocks until 10 have been withdravm, 
recorded, and replaced, ^(llow estimates to be revised on thfe basis of 
the additional information available, if children wish to do so. Then 
open the bag amd con?)atre the contents with the estimates. The information 
developed by sampling will generally (bt^pot necessarily) be close to the 

, actual numbers in the bag* 



This experiment can be varied by making a different distribution of 
the 10 blocks between ^e two colors, by using blocks of 3 or more colors, 
or by making more withdrawals before disclosing the bag's conteitts. 
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As the number of samples increases, predictions tend to cipproach 
actual <9^iamtitie'S,jnore closely. Children should appreciate that the 
largep tihe sanple, the greater the livelihood that the information pre- 
dicted is am accurate representation of the group frcnn which tntaL san5>les 
are, taken* . ^ \' 

5. 24 In ^6ome situations, sampling is virtually the only technique to 
develdj) information about a large group. For example, suppose we want to 
find out how frequently each of the 26 letters of the alphabet is used" in 
Vritteai Efiglish. It is clearly impossible to examine everything that is 
written in English; sampling is the only practical way to proceed. Ask 
for suggestions fpr appropriate samples from which w^could determine the 
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frequency with w^ich.we use A's, B's, C's, and so on in written, Enc^ish. 
Should we use passages from novels? A classic? A magazine?/ A newspaper? 
Textbooks? A cqmic book? ' Poetry? How long should san5>les;/be? ' > 

Agree on a selection of san^>les, say'*ten or more passages. «ea<:^ of 
150 to 200 words,. "^The source or content is immaterial so lon|f as there 
is variety. Have % count made of the number of ^imes eachj^letter is used 
throughout the samples. Accumulate the information cuid list the 2§ letters 
of^ the alph6d>et according to frequency of use, the most frequent first. 
Coiq>are your results" with the order of frequency found ii^ ^ survey made of 
a l£u:ge number of j^ssages; > • * i 
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The most frequently used letter in English is 6; the next most 
frequent is T. Some saaapling variation in the position of the letters 
after E and T is to be expected, though the probability is high that the 
order of frequency^' determined from the pcissages your class selected will 
not^vary £oo much frOTi the listing cdx)ve. 



5^ 25 San^lin^ has .a wide variety of practical uses. Television ratings 
•cpre based on sampling, as cure public opinion polls, marketing surveys, 
election forecasts, suid many scientific investigations. For exanple, 
ecologists cam use a sampling process to determine the approximate number 
of fish in a pond.*^ l^iey could proceed as follows: - , 

a. Catch lOO of the fish in the pond, mark each of them 
with a hanttless, indelible-^e, and put them back in 
the pond. 

b. ^Let sotiie time elapse so the fish that are dyed .can 

distribute themselves uniformly throughout the pond. 

c. Now catch a san^le of 50 fish cmd co\^t the number 

• marked with the dye. Suppose there ax^ 4 dyed fish 

in the 50. 

V d. Set up a proportion based on the assxin?>tion that the 

ratio of marked fish to total fish is the soune in the 
saii?>le of 50 as it is throughout the whole pond. Then: 

Ratio 'in ScUig^le of 50 >= ratio ill v^ole pond 

' ' ' _i « 100 

50 Total 

Hiis method predicts that there are 1250 fish in 
the pond. 
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Tfacher Questions: 

If What circumstances could cause the estimated number 

of fish to be too high or too low? [Uneven distribu- 
tion of fish after they are returned to the Qond; 
death of fish caught and returned; fish caught by 
other fishermen.] 

Is 1250 likely to be a rough approximation of the 
actual noiaber of fish in the pond? . lYes, if a 
reasonable margin of error is acceptable. 1 

The saxnpling technique just described can be paralleled in the 
classroom using bottlecaps. Have the children collect a larcfe (but 
iHiknown) number of bottlecaps and store them in a containers Remove a 
double handful of bottlecaps ^ count them, mark them distinctively, and 
return them^to the container. Shake them up thoroughly in the container, 
and then withdraw another double handful of Jbottl^caps. Count the number 
of marked bottlecaps. cmd the total number of caps in the last sample 
•withdrawn. An estimate of the unknown grcmd total nuniber of bottlecaps 
is arrived at by equating the two ratios; 

No. of marked caps No. m£u:ked c^ps put 

in last sample back into container 

'Total caps in last The unknown gremd 

sasgple total nuznber of caps 

Left-handedness in school population? is a characteristic which can 

be studied by sanqpling techniques. First count the ninnber ot children in ^ 

your class who write left-handed. Confining the investigation tp those 

wbo write left-handed is more clear-cut than atteit¥)ting to survey *left- 

handedness in general. Next predict the number of left-handed writers in 

all classes at the same grade level by multiplying the total number of 

childreh in t}>e grade by the fraction: * 

* ** 

left-handed vnriter^ in your clciss 
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total number of children in 'yo^ class 

If there are 4 out of 26 in your class who write left-handed and 140 in * 
the grade, the predicted number of left-handed writers in the grade is: 

4 

140 -x ^ 22 (rounded to the nearer 
whole ntorober) 

A count of the number of left-handed'^writers throughout the grade gives 
a check on the accuracy of the predictio/i. This investigation can be 
carried a step fdrthfer by using the actu^ nvmiber of left-handed writers 
in the. grade tfipkedict the total number throughoyit the school. An 
alternative;; approam is to select say three students at random from each 
class in the schobll "Use the students so selected as your sample; deter- 
mine the-numb^ST of Beft-hcmded writers in the san^le, and from that 
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predict the total nuiriber of left-handed writers in'^bie school'f Which 
approcKJh predicts more accurately? - , a 

5^3 Game an4 Class Project 



5-31 SBC^ MESSAGE or CRYPTOGRAM. A coded message in which each letter 
is replacid throughout by one other letter or symbol is dolled a ^ 
•cryptogram. " 



Distribute copies of the following code message: 

CRYPTOGRAM 

XAG VGBL .AJKJ^JTHMGKPZC PZ 
WZ GMN QPZJ. XSJB LWA W' VGT, 
WZN KWPLJN.XSJ "RGOJK. PZLPNJ* 
XSJXJ AJKJ ^HP'jRJL GD KGRU ' 
APXS VKP^S. X LHJRUL PZ XSJQ. 
"CGMN," XSJB. LWPN. YZDGKXYZWXJM, B, 
PX XYKZJN GYX XG VJ W RG (^Q G Z 
QWXJKPWM RWMMJN PKGZ HBKPXJL. 



There are many avenues that will lead fepa solution of this 
cryptogram. Give -students some time to look for a solutioh on their own; 
for those who are unsuccessful, you csm present the approach indicated 
in the next few paragraphs. 

Can we us'e what we lecurned about the frequency of letters; in English 
ta help u^ find out what this message says? The letter that is used roost 
frequently in the message mk likely to stand for what letter of the 
alphabet? [E] What migh^the next most frequent letter stand for? [T) 

r ^ * ■ 

Have the class 6ount the n\ainber of times each letter of^the a!^habet 



is used in the secret message. 
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On the basis of frequency, ^at letter is mo^t, likely to stand for^ 

[J] Which one for T? [X] Have 9tudents put an TEC overreach J in 

the message. £ihd T over each X. What additional clues do we see? For 
the 15th word we have ^ 

T • E ^ 

* X S J 

This could pe TIB, TO^, or THE. The 18th word helps us decide: 



S certainly represents^ H and XSJKJ is either THESE or THERE. Now we look 
at .the next wordV ;AJkj. It must end in eithe?; -ESE or^-ERE, if o\ir . , 
conclusions are cfo'rrect up to this point* We know no words that fit the 
pattern -ESE/ biit -ERE could be HERE,. MERE^, or WERE. Best gues6--XSJKJ 
AJKJ stands for THEKE WERE! . 

We now have, or think we have, J as E, X as S as H, K as R, and 
A as W. From these we go on to find the words TQ, and WITH; and from 
4Jxose we gradually trans lat^every word in the message*/ Solution: 

Two bdfs were exploring, in an old mine. Thfey 
saw a box and raised the jcovet, Inside th^re 
were pieces of roclc^witli bright specks in them, 
^ "Gold," they said. -Unfortunately, it timied ^ 
out to hje a coomon material called iron pyrites. 

The whole decoding process was based on the information about ^ 
frequency of letter use, developed through the ^edinique of sampling. ^ 
If additional ^ode messages are made, they should be frcMn 100 to 150 , 
letters in -lertigth,^ preferably with E the ii|pst ccanroon letter. 
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At work on probabilities 
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